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Abstract 

We develop in this paper an amelioration of the method given by S. Bobkov and M. Ledoux 
in mnni. We prove by Prekopa-Leindler Theorem an optimal modified logarithmic Sobolev 
inequality adapted for all log-concave measure on R”. This inequality implies results proved by 
Bobkov and Ledoux, the Euclidean Logarithmic Sobolev inequality generalized in the last years 
and it also implies some convex logarithmic Sobolev inequalities for large entropy. 

Resume 

Dans cet article nous proposons une amelioration de la methode developpee par S. Bobkov 
et M. Ledoux dans [BLOOl - Nous prouvons par le theoreme de Prekopa-Leindler une inegalite 
de Sobolev logarihmique, optimale et adaptee a toutes les mesures log-concaves sur R". Cette 
inegalite implique les resultats de Bobkov et Ledoux, les inegalites de Sobolev logarithlmique de 
type Euclidien generalisees ces dernieres annees et enfin cetaines inegalites de Sobolev logarith- 
miques de type convexe pour les grandes entropies. 


1 Introduction 


Prekopa-Leindler is the functional form of Brunn-Minkowski inequality. Let a,b > 0, a + b = 0, and 
u, V, w three non negative measurable functions on M”. Assume that, for any x,y a M"", we have 

u{x)°‘v{y)^ < w{ax + by), 


then 


u{x)dx 


v{x)dx I < / w{x)dx. 


( 1 ) 


If you applied inequality o to characteristic functions of bounded measurable sets A and B in 
it yields the multiplicative form of the Brunn-Minkowski inequality 


vol{A)°‘vol{B)^ < vol{aA -|- bB), 


where a A + bB = {ax a + bxp, xa & A,xb & B}. One can see for example two interesting reviews 
on this topic Gup80| IMauOdj . 

Bobkov and Ledoux in |BL00| use Prekopa-Leindler Theorem to prove some functional inequalities 
like Brascamp-Lieb, Logarithmic Sobolev and Transportation inequalities. 

More precisely, let 99 be a strictly convex function on and let 


dpgx) = e 












the probability measure on M” (assume that f e = 1). Bobkov-Ledoux prove in particular 

the following two results: 

• (Proposition 2.1) Brascamp-Lieb inequality: assume that cp is aC^ function then for all smooth 
enough g, 


Var^^(5r):=y' (d - j gdg^ < J Vg-Ress{(p) ^Vgdu^, 


( 2 ) 


where Hess((/9) ^ is the inverse of the Hessian of (p. 


(Proposition 3.1) Assume that for some c > 0 and p ^ 2, all t, s > 0 with t + s = 1, and for 
all X, y G M”, (p satishes 


tip{x) + sip{y) - ip{tx + sy) ^ -{s + o(s))||x - yf, 

P 

where ll'H is the Euclidean norm in M"". Then for all smooth enough function g, 

o9 


(3) 


Ent^^(e3) := J e^log 


f eddpL, 


-dfj,^ <c WVgW^e^dfj,^, 


(4) 


‘P 


where 1/p + 1/q = 1. They give the example of the function p>{x) = ||x||^ + {Z^p is a 
normalization constant) which satisfies inequality 0 for some constant c. 

In this article, we prove also with Prekopa-Leindler Theorem, some optimal logarithmic Sobolev 
inequality for log-concave measure without conditions like inequality 0. We obtain, for all smooth 
enough function g on M"’, 


Ent^^(e®)< / {x-Vgix) - (p*{V(p{x))+ ip*{Vip{x)-Vg{x))}e<^^^Ugp{x), 


(5) 


where (p* is the Frenchel-Legendre transform of <p, p>*{x) := sup^^gj^n {x ■ z — p>{z)}. 

The I^-criterion of Bakry-Emery implies that if Hess(p) ^ \Id in the sense of symmetric matrix 
with A > 0, then the probability measure py, satisfies classical logarithmic Sobolev inequality, for 
all smooth function g, 


Ent^^(e^) llVpf 


( 6 ) 


This inequality is proved by Gross in |Gro75| . one can see also ABC"*" M for a review about this 
inequality and the related fields. Inequality © is then a generalization of the classical logarithmic 
Sobolev inequality of Gross, adapted for all log-concave measure on which does’nt satisfies I^- 
criterion. We get an optimal modified logarithmic Sobolev inequality for log-concave measures. 


The next section is divided into two subsections. In the first one we give the main theorem of this 
paper: inequality ©. In the second subsection we explain how the theorem implies results of |BL0nj . 
In particular one find again Brascamp-Lieb inequality © or modified logarithmic Sobolev inequality 
for some function ip, inequality 0. In section |21 we prove that inequality © is equivalent to the 
Euclidean logarithmic Sobolev inequality. In particular it gives a short proof of the generalization 
given in [PPPOSl IGenD.Sl lAGKDdj . In section 0] we give a convex inequality for large entropy. In 
particular we obtain a n-dimensional version for large entropy of inequalities prove in |GGMn5Tn 
IGGMQ5a| . 
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2 Logarithmic Sobolev inequality 


2.1 The main theorem 

Theorem 2.1 Let ip be a strictly convex function on M", such that 


lim 

|a:|—»-oo 



= oo. 


We note the probability measure 

p,tp{dx) = 

where dx is the Lebesgue measure on M"", assume that f e~^^^^dx = 1. 

Then for all function g on M”, smooth enough such that integrals used exits we have 

Ent^^(e®) ^ J '^9{x) - (p*{\/ip{x)) +ip*{Vp{x) - Vg{x))}e<^^'^'^dn^{x). 


( 7 ) 


( 8 ) 


Lemma 2.2 Let g be a C°° function with a compact support on M”. Let s,t ^ 0 with t + s = l and 
we note for z G M”, 


gsiz) = sup {g{x) - {t(p{x) + sip{y) - p{tx + sy))). 

z=tx+sy 


Then we get 


9 s{z) = g{z) + s{z ■ Vg{z) - (p*{\/(p{z)) + p*{V(p{x) - Vg{x))} 

+ 0(^{{z - yo) ■ V{g + ip){z) + ||z - yof )s^): 

where yo € M"’. 

Proof 

<1 Let s g] 0, 1/2[ and note x = zjt — {s/t)y, hence 


9 s{z) = (p{z) + sup ( 5(7 - 7 ^) - ^y) - s 

\ \t T / \ t T / 


Due to the fact that g has a compact support and by the property © there exists ys G M” such 
that 

77 “ t) ~ “ I") “ ■ T‘) - ‘•^(j - f^*) - 

Moreover satisfies 

^ 5(1 - j9s'j - - jhs'j + tVip(ys) = 0. (9) 

The function is a strictly convex function then there is a unique solution yg of the equation 

V( 7 (yo) = V( 7 ( 2 ;) - Vy(z), yo = (V<p)~\Vp(z) - Vg(z)). (10) 


We prove now that lims^o Us = Vo- 

First we prove that there exists R ^ 0 such that Vs G [0,1/2], Ijy^H < R. Indeed, if the function 
ys is not bounded one can found {sk)keN such that Sfc —> 0 and ||ysj,|| —> 00 . By property (O 
lim|| 3 ,||^oo (/?(x) = 00 then since g is bounded we obtain s^yst = 0{1). Due to to the strictly 
convexity of ( 7 , the last assertion is in contradiction with equation ©• 
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Let y a value of adherence at s = 0 of the function yg then y satishes equation m- By unicity of 
the solution of m we get y = yo- Then we have proved that lirus^oys = Uo- 

By Taylor formula and the continuity of at s = 0 we get 

“ yo) • ^‘P(^) + o(^(iz - yo) ■ Vip{z) + llz - yof )'S^), 

and 

5(1 - |ys) = + s{z - yo) ■ Vg{z) +o(^{{z - yo) ■ Vg(z) + ||z - yof )'S^) • 

Then 

gs(z) = g(z) + s{(p(z) - ip(yo) + (z - yo) ■ (Vg(z) - V(p(z))} 

+ 0(^((z - yo) ■ V(g + (f)(z) + ||z - yof )s^)- 

Using equation m and the expression of the Frenchel-Legendre transformation for a strictly convex 
function 

(p*(x) = X ■ {Vip)~^{x) - ip(^{Vip)~^{x)'j, 

and 

(p*{V(p{z)) = Vip{z) ■ z - (p{z), 

we get the result. > 

Proof of Theorem \2.1\ 

<1 The proof is based on the proof of Theorem 3.2 of [BTTf)] . First we prove inequality Q for all 
function y, C°° with a compact support on R”. 

Let t,s ^ 0 with t + s = 1 and we note for 2 ; G R”, 

gt{z)= sup {g{x) - {tip{x) + sipiy) - ip{tx +sy))). 

z=tx-\-sy 

We apply Prekopa-Leindler theorem to the functions 

u(x) = exp(^ - (p{x)\, v{y) = exp{-(p{y)), w{z) = exp {gs{z) - (p{z)), 

to get 

exp{g/t)dyL^ < j exp{gs)dp^. 

The derivation of the norm gives the entropy, then using Taylor formula we get 

exp{g/t)dg^'^ = y + sEnt^^(e®) + O(s^). 

Then apply Lemma 1221 to get 

J ew{gs)dp:^ = 

J e^p^ + s J {z-Vgiz) - p*{Vip{z)) + ip*{Vp{z)-Vg{z))}e<^^^Ufi^{z)+0{s‘^). 

Then when s goes to 0 we get inequality (jHl). 

Then we can extend the inequality Q for all function g smooth enough such that integrals exist. 
O 




Remark that if ^{x) = ||x||^/2 + (n/2) log(27r) we obtain the classical logarithmic Sobolev of Gross 
for the canonical Gaussian measure on R”. 
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2.2 Remarks and examples 

In the next corollary we give the classical result of perturbation. Of course we lost the optimal 
constant given in inequality (jEJ. 

If <I> is a function on M” such that f e~^dx < oo we note the probability measure //$ by 





dx, 


where = f e '^^^^dx- 


( 11 ) 


Corollary 2.3 Assume thatip is aC^, strictly convex function onM" such thatlim.^^^^^ (^(x)/||x|| = 
oo. Let ^ = ip + U, where U is a bounded function on M" and denote by the measure defined 
by (fTT]) . 

Then for all smooth enough function g on M”'. we get 

Ent^^(e^) < J {x ■ Vg{x) - ip*{Vip{x)) + ip*{Vip{x) - Vg{x))}e>^‘''"'^dpq>{x), (12) 

where osc{U) = sup{U) — inf([/). 


Proof 

<1 First we observe that 


g-osc(C/) ^ ^ gOsc(C/)_ 

dfXip 


Moreover we have for all probability measure n on 


Entiy(e^) = inf 
a>0 


log- e^ + a ]dv\^ 


using the fact that Vx, a > 0, x log ^ — x + a^Owe get 

e-osc(t/)Ent^Je^) < Ent^Je^) < . 

Then if 5 a smooth enough function g on M"" we have 
Ent^Je®) < 

< gOsc(f/) J , Vg{x) — (p*{V(p{x)) + ip*{V(p{x) — Vg{x))}e^^^^ dp^p{x) . 


(13) 


Using the fact that (p* is a convex function on R” and Vip*{Vip{x)) = x we obtain that 
Vx G R"", X • Vg{x) — ip*{Vip{x)) + ip*{Vip{x) — Vg{x)) ^ 0. 

Then by m we get 

Ent^^(e®) < j {x • Vg{x) - ip*{S/ip{x)) + ip*(yip{x) - Vg{x))}e^diJ,is,. 

O 


Remark 2.4 It is not necessary to give a tensorisation result because we will obtain exactly the 
same expression if we compute directly with a product measure. 


Using Theorem 12.1 1 we find also the same examples given in [BLOO 


and |BZ05]. 
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Corollary 2.5 Let p ^ 2 and let $(x) = ||x||^/p where ll'H is Euclidean norm in R”. Then we get 
for all smooth enough function g, 

Ent^^ie^) <cj WVgW^e^dp^, (14) 

where 1/p + 1/q = 1 and for some constant c > 0 . 

Proof 

<1 Using Theorem im we just have to prove that 

yxeR*", VyGR”, x-Vg{x)-ip*{Vip{x))+ip*{Vp{x)-Vg{x)) <c\\y\\T 
Assume that y 0 and let note by 

1 ^^ ^ _ X ■ Vg{x) - (p*{Vpix)) + p*{Vip{x) - Vg{x)) 

Then -i/) is a bounded function. Indeed an easy calculus prove that ^*{x) = ||x||'^/g. Let take now 
z = x||x||^~^||y|| and e = ?//||y|| then we obtain 

'i/>{x,y) = 'ip{z,e) = z ■ e||z||'^~^-1|2:||'^ H— 

q q 

We have ||e|| = 1, then e is bounded. Using Taylor formula we get fj{z,e) = 0(||?/||'^~^). But p^ 2 
implies that q <2 and then if is a. bounded function, if is then a bounded, if c = supV’ we get then 
inequality m . o 

We can remark that Proposition [231 is not true when p g]1, 2 [. As we can see in ICCMObb] . when 
p G]1, 2[ we have to change the right hand term of inequality (I14|l and to add a quadratic term. 

In Proposition 2.1 of IBLDOj . Bobkov and Ledoux prove that Prekopa-Leindler’s theorem implies 
Brascamp-Lieb inequality. In our case we prove that Theorem |23 implies also some Brascamp-Lieb 
inequality as we can see in the next corollary. 

Corollary 2.6 Let p satisfying conditions of Theorem, VA. 1\ and assume that p is on R"'. Then 
for all smooth enough function g we get 

Var^^(fi() < j Vg ■ Hess{p)~^Vgdp^p, 

where Hess{(p)~^ denote the inverse of the Hessian of p. 

Proof 

O Assume that <7 is a C°° function with a compact support and let apply inequality ((HI) with the 
function eg where e > 0. Using Taylor formula we get 

Ent^^(expe/) = 2e^\a.r^^{f) + o{e^), 

and 



j {x • Vg{x) - p*{Vp(x)) + p*{Vp{x) - Vg{x))}e^{x)dp^{x) = 

r g2 

J —Vg-}less{p*){Vp)Vgdp^ + o{e‘^). 

Using the fact that Vp*{\/p{x)) = x we get that Hess((/?*)(V(/j) = Hess((/9)“^ and the corollary is 
proved. [> 
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Remark 2.7 Let ip satisfying properties of Theorem \2.1\ Note 

L{x,y) = ip{y) - ip{x) + {y - x)\/ip{x), 
due to the convexity of ip we get that L{x,y) ^ 0 for all G M”. 

Let F be a density of probability with respect to the measure we defined the following Wasserstein 
distance with the cost function equal to L by 


WL{Fdp^,dp^) = inf 


L{x,y)dTr{x,y) 


where the infimum is taken for all probabilities measures vr on M” x ML with marginal distribu¬ 
tions Fdpip and dp^. Then Bobkov and Ledoux prove again in ]BLO(f^ the following transportation 
inequality 

WL{Fdp^,dp^) < Ent^^(F) . (15) 

The main theorem of Otto and Villani in lOVOO^ is the following: Classical logarithmic Sobolev 
inequality (when ^^{x) = ||x||^/2 + (n/2) log(27r)j implies the transportation inequality (fTKl) for all 
function F, density of probability with respect to p^p (see also IBOLOl^ for an other proof). By the 
method developed in ]BGL01l one can easily extend the property for <p{x) = ||x||^ + Z^, (p^ 2). 

In the general case exposed here, we don’t know if inequality 0 imply inequality (cni). 


3 Application to Euclidean logarithmic Sobolev inequality 

Theorem 3.1 Assume that the function (p satisfies conditions of Theorem, \2.1\ then for all X > 0 
and for all smooth enough function g on M” such that integrals exits we get 


Entrf 3 ;(e^) < —n log (Ae) J e^dx + J p>*{—XVg)e^dx. 


(16) 


Last inequality is optimal in the sense that if g = —C{x — x) with x G M” and X = 1 we get an 
equality. 

Proof 

<1 Using integration by parts on the second term of 0 we obtain for all g smooth enough 

J X ■ Ng{x)e^^’^^dpip{x) = J {—n-\-x-’\/ip{x))e^^’^'^dpp{x). 

Then using the equality (p*{Vip) = x ■ 'S/ip{x) — (p{x) we get for all smooth enough g 

Ent^^(e®) < J {-n +(p-\-p:*{V(p-Vg))e<^dp^, 

Let now take g = f (p to obtain 

Entdx^e'f^ < J {-n + ip*{-Vg))e^dx. 

Let A > 0 and take f{x) = g{Xx) we get then 

Entrfa;(e®) < —n log (Ae) J e^dx + J ip*{—XVg)e^dx, 

which prove m- 

If now g = —C{x — x) with x G M"' an easy calculus prove that if A = 1 we get an equality. I> 
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In the inequality m, there exits an optimal Aq > 0. Unfortunately, in the almost case we can’t 
give the expression of the optimal Aq- It is the unique real satisfying the following equality 


-n J e<^dx + Xoj Vg ■ V{^*)i-XoVg)e<^dx = 0. 


But when C is homogeneous, we can give an better expression of the last theorem. We find inequality 
called Euclidean logarithmic Sobolev inequality which is explained on the next corollary. 

Corollary 3.2 Let C a strictly convex function on M” and assume that C is q-homogeneous, 

VA ^ 0 and Vx G M”, C{Xx) = X^C{x). 

Then for all smooth enough function g in M” we get 


Entrf, 


.(e9) < /e^rixlog ( _^_ fC*(-Vg}e^dx \ 

p J \neP~^CP/^ f ePdx /’ 


(17) 


where £ = f e ^dx and 1/p + \/q = \. 


Proof 

< Let apply Theorem 13.11 with (p = C + logT. Then p satisfies conditions of Theorem 13.II and we 
get then 

Entrfa;(e^) < —nlog J e^dx + J C*{—XVg)e^dx. 

Due to the fact that C is g-homogeneous an easy calculus prove that C* is p-homogeneous where 
l/p + 1/q = 1. An optimization over A > 0 gives inequality (IT7I) . [> 


Inequality m is called Euclidean logarithmic Sobolev inequality. This inequality with p = 2 
appears in the work of Weissler in |Wei78| . It was discussed and extended to this last version in 
many articles see |Car911 ILed961 IBec991 IDPD031 KlenOSl lAGKOdj . 

Remark 3.3 Of course as it is explained in the introduction, calculus used in Corollary prove 
that inequality (dzi) is equivalent to inequality Agueh, Ghoussoub and Kang, in \A GKOfj , used 

Monge-Kantorovich theory for mass transport to prove inequalities and m- Then it gives an 
other way to establish Theorem \2.1\ 

Note also that inequality (dl) is optimal, extremal functions is given by g{x) = —bC{x — x), with 
X G and b > 0. But we don’t know if it’s only extremal functions. 


4 Application to logarithmic Sobolev inequality for large entropy 

In IddMObT)! KKIMObaj is given a convex logarithmic Sobolev inequality for measure p,^ between 
e“l^l and . More precisely let <h a function on the real line and assume that <I> is even and 
satisfies the following property, there exists M ^ 0 and 0 < e < 1/2 such that 


Vx ^ M, (1 + e)‘h(x) < x‘I>'(x) < (2 — e)‘h(x). 


Then there exists A,B,D >0 such that for all smooth functions g we have 

Ent^^(e^) H^[g')e’^dp^, 


where 


77$ (x) 


d>*(Bx) if |x| ^ D, 

x^ if |x| < D, 


(H) 


(18) 
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and is defined on m- 

The proof of inequality m is technical and it divided between two parts: the large and the small 
entropy. We give in the next theorem a n-dimensional version of this inequality but only for large 
entropy. 

Theorem 4.1 Let^ beaC^, strictly convex and even function onMP', such that liiai^^^^^^(x)/\\x\\ = 
oo. Assume that $ ^ 0 and 4>(0) = 0 {it implies that 0 is the unique minimum of^). 

Assume that 


lim sup < (1 — a) 
o^O, oe[0,l] xSK" 


^*{x) 


= 1 , 


assume also that there exists A > 0 such that 

VxGM”, X-V$(x) < (^ + 1)$(x). 


(19) 


( 20 ) 


Then there exists Ci,C 2 ^ 0 such that for all smooth enough function g such that f = 1 and 

Ent^^(e®) ^ 1 we get 

Ent^Je^) KCiJ 4>*(C2V5)e^d//$. (21) 

Proof 

<1 Let apply Theorem 12.11 with y? = <1> + log we get then 

Ent^^(e^) < j {x- - ^*(V$(x)) + $*(V4>(x) - Vgix))}e<)dp.^. 

Let a € [0,1[, <1>* is convex then 


4>*(V$(x) - Vg{x)) < (1 - 


+ a^* 


-Vg{x) 


a 


recall that is also a even function. Young’s inequality implies that 


X ■ < ^(x) + 4>* 


a 


Vg{x] 


a 


( 22 ) 


(23) 


Using © and (P|) we get 

Ent^^(e^)<2a J + a J <l>(x)e^d/r$+ 


j -4>*(V4>(x))^eSd^$. 


We have <l>*(V<h(x)) = x ■ V<h(x) — 4'(x), then inequality (1^ implies that <l>*(V<l>(x)) < A^{x). 
Due to the fact that <1>(0) = 0 we have <1>* > 0 we get 


Ent^Je^)<a J 


e^dfi^ + a I ]e^dp,^ + {a + A\ijj{a) — 1\) j 


where 


ipia) = sup ^ (1 — a) 
xGK' 


^*1 

\ 1 —Q 

‘h*(x) 


(24) 


Let A > 0 then due to the fact that f e^d^$ = 1 we get 

[ ^e^dfiis, < A(Ent^^(e^) + log Ze^/'^d/r^ 
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We have lim log / = 0, then let now choose A large enough such that log f < 1. 

A^oo J 

Using the property (d, take a such that (a + A|'0(a) — 1|)A < 1/4 we obtain 

Ent^^(e^) < 2 q! y + yEnt^<j,(e®) + 1). 

Then using Ent^^(e®) ^ 1 we obtain 

Ent^<^(e®) ^ 4a y 4>y 

O 


We need a lemma to give non-trivial examples. This lemma explains how property d is a infinity 
property. 

Lemma 4.2 Let <hi and <1>2 be two strictly convex and even functions such that $i, <^2 ^ 0, <hi(0) = 
*^ 2 ( 0 ) = 0 and lim| 3 ,|^(^ 4'i(x)/||x|| = lim| 3 ,|^oQ <h 2 (x)/||x|| = 00 . Assume also that ^i{x) d> 2 (x). 

If <1>2 satisfies the property d then 4>i satisfies also the same property. 

Proof 

a First we prove that 4)]^(x) ‘^ 2 (^)- Let e > 0, then there exists A > 0 such that 

Vy G K", \\y\\^A, (1 - e)4>2(y) < 4>i(y) < (1 + e)4>2(y), 

then 


VxGM ”, sup {x • y - (1 + e)4>2(y)} < sup {x • y - 4>i(y)} < sup {x ■ y - (1 - e)4>2(y)}. 

$1 and <^2 are strictly convex then there exists B > 0 such that 

Vx G M”, ||x|| ^ il, <h^(x) = sup {x • y — 4>i(y)}, 

and the same for 4>2, then 

Vx G M”, ||x|| > B, (1 + (x) < (1 - e)^ • 

Using now property d for < 1>2 we get 

VxGM^ + andd)*(^^) <yMc^*(x), 

where ip is defined on (1^ . We get then 

Vx G M”, ||x|| ^ 4>2 (x) < 4>i(x) < V’(e)^ 2 (a;)- 


The function <1>2 satisfies (|T!?|) then lima^o'</(«) = 1 then 4>^(x) ^ 4>2(x). 

The end of the proof is elementary, we just have to remark that using a compact argument we get 


> 0, lim sup 
a^0,ae[0,l] ||x||<yl 


(1 - a) 


$*(x) 


= 1 . 


Then, when ||x|| is large is equivalent to 4>2. I> 
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Example 4.3 • Let ^ be a , strictly convex function on Assume that $ ^ 0 and <I’(0) = 0. 

Assume that 

Vx G M, |x| ^ 2, ^>(x) = x“ log^ X 

with a > 1 and 5 G R. Then $ satisfies property (HU). Remark that if a G]1, 2[ and 6 = 0 then 
the measure doesn’t satisfies m for small entropy. 

• Here is now an example of measure on with interactions. Let h he a , strictly convex 
function on R^. Assume that h ^ 0, h{0) = 0 and that h satisfies assumptions (jlOll and (j2ni) . 
Assume also that 

lim = + 00 . (25) 

ja^l^oo X 

Note 

n 

4>(x) = '^{xiXi+i + h{xi)), 

i=l 

where x = (xi, • • • ,Xn) and x^+i = xi. Then it’s easy to prove that is convex, even with 
<I>(0) = 0 and satisfies inequality (pUl) . Then using (1^^ we get that 

n 

i=l 


By Lemma we prove that $ satisfy (HU). 

This example in interesting because it gives an measure on R” which is not a product measure 
on R” and satisfies inequality m for large entropy. 
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